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ON THE SLOPE CONJECTURE OF BARJA AND STOPPINO 
FOR FIBRED SURFACES 

XIN LU AND KANG ZUO 


Abstract. Let / : S B he a locally non-trivial relatively minimal fibration 
of genus g > 2 with relative irregularity qf. It was conjectured by Barja and 
Stoppino that the slope Aj > . We prove the conjecture when Qf is 

small with respect to g] we also construct counterexamples when g is odd and 
qf = (g + l)/2. 


1. Introduction 

A fibred surface, or simply a fibration, is a surjective proper morphism f : X ^ B 
from a non-singular projective surface X onto a non-singular projective curve B 
with connected fibers. The general fiber of / is a smooth curve of genus g, which 
will be assumed to be at least 2 in the paper. We always assume that / is relatively 
minimal, i.e., there is no (—l)-curve contained in the fibers of /. Here a curve C is 
called a (—fc)-curve if it is a smooth rational curve with self-intersection = —k. 
It is called smooth if all its fibers are smooth, isotrivial if all its smooth fibers are 
isomorphic to each other, locally trivial if it is both smooth and isotrivial, and 
semi-stable if all its singular fibers are reduced nodal curves. 

Let ujx be the canonical sheaf of X, and ujf = ojx ® ^^e relative canonical 

sheaf of /. The relative minimality of / implies that w/ is numerical effective (nef), 
i.e., ujfC > 0 for any curve CCA. Let b = g{B), pg = h°{X, ojx), 9 = ^x), 

x{Ox) = Pg —9+1) and Xtop(V) be the topological Euler characteristic of A. Then 
we consider the following relative invariants of /: 

r Xf = deg f^ujf = x{Ox) -{g- l){b-l), 

} ujj =uj'^x-8{g-l)(b-l), (l-I) 

[ e/ = Xtop(V) - 4(g - 1)(6 - 1). 

They satisfy the following properties: 

12x/ = w/ + e/. (1-2) 

e/ > 0; moreover, e/ = 0 iff / is smooth. 

Xf + 0; moreover, x/ = 0 iff / is locally trivial. 
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If / is not locally trivial, the slope of / is defined to be 

K) 

A/ = —• 

Xf 


It follows immediately that 0 < A/ < 12. The main known result is the slope 
inequality: 


Theorem 1.1 (Cornalba-Harris-Xiao, [71 [50]). If f is not locally trivial, then 




4(g-i) 
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After that, it is natural to investigate the influence of some properties of the 
fibration on the behaviour of the slope. For instance, according to [H 13] , one 
knows that the Clifford index of the general fiber has some meaning to the lower 
bound of the slope. We would like to pay attention to the following conjecture 
of Barja and Stoppino (cf. [31 Conjecture 1.1]) about the influence of the relative 
irregularity qj ■= q — b on the lower bound of the slope. 


Conjecture 1.2 (Barja-Stoppino). If f is not locally trivial and qf < g — 1, then 


Xf > 


4(g-i) 

9-9f 


(1-3) 


The first result in the direction is due to Xiao (TUI Theorems], where he proved 
that if qf > 0, then A/ > 4 and the equality can hold only when qf = 1. In |3J 
Theorem 1.3], Barja and Stoppino considered the influence of the Clifford index 
of the general fiber and the relative irregularity on the lower bound of the slope 
simultaneously, and obtained a lower bound which is close to the conjectured bound 
if the Clifford index is large. We proved the above conjecture for hyperelliptic 
fibrations in [H Corollary 1.5]. In this paper, we show the following 


Theorem 1.3. Let f be a fibration of genus g >2 which is not locally trivial. 

(i) \Conjecture 1.9\ holds if qf < g/9. 

(ii) There exist fibrations with qf = {g+ l)/2 violating (11-31) whenever g is odd. 


Pirola constructed in m the first example which does not satisfy (II3D , see 
also [31 Remark 4.6]. To our knowledge, the only known counterexamples to the 
bound (la belong to the extremal case qf = g — 1. According to (TD] Corollary 4], 
the genus of hbrations with qf = g — 1 is bounded from above {g < 7). In our 
construction, the genus has no upper bound. 

Counterexamples will be given in [section 5l The main idea of the proof of 
[Theorem l.Sl i) is a combination of Xiao’s technique [50] and the second multi¬ 
plication map f see [subsection 2.2l) . It turns out that our conclusion follows directly 
from these two techniques if / is not a double cover fibration. 


Definition 1.4. The fibration / is said to be a double (resp. triple) cover fibration 
of type {g, 7 ) if there are morphisms h' : Y' ^ B and tt : X ^ Y' (Y' may 
be singular) such that the general fiber of h' is a genus -7 curve, degTr = 2 (resp. 
degTT = 3) and h' on = f. 














ON THE SLOPE CONJECTURE 


3 


Double cover fibrations were studied earlier by many authors, see mw etc. We 
define certain local relative invariants for the double cover tt and show that these 
relative invariants mi of / can be expressed by these local relative invariants 
and relative invariants of the quotient fibration (cf. ITheorem 4.31) . Based on these 
formulas, we complete the proof of ITheorem 1.3f ib 

Our paper is organized as follows. In isection 21 we recall Xiao’s method in the 
study of the lower bound on the slope, and develop certain inequalities relying on 
the second multiplication map. In Isection 31 we prove [Theorem l.Sl ii based on a 
combination of these two techniques except for double cover fibrations. In isection 41 
we treat the double cover fibrations. Meanwhile, we obtain various lower bounds on 
the slope of double cover fibrations in this section. Finally, in isection 5 1 we provide 
counterexamples to mi- 


2. Preliminaries 


2.1. Harder-Narasimhan filtration of the direct image sheaf. In the sub¬ 
section, we briefly recall the Harder-Narasimhan filtration on the direct image sheaf 
f^,u!f and Xiao’s technique. 

Let f be a (non-zero) locally free sheaf over B. The slope of 8 is defined to be 
the rational number 


H{£) = 


degf 


ranks 

The sheaf 8 is said to be stable (resp. semi-stable), if for any coherent subsheaf 
0 ^ S' C S we have ^(S') < p.{8) (resp. fJ,{8') < ^(S)); it is said to be positive 
(resp. semi-positive), if for any quotient sheaf 8 ^ Q 0, one has deg Q > 0 (resp. 
deg Q > 0). 

It is well-known that the locally free sheaf S := f^ujf has a unique filtration, 
called the Harder-Narasimhan (H-N) filtration: 


0 = So C Si C ■ • ■ C S„ = S, (2-1) 

such that: 

(i) the quotient Si/Si_i is a locally free semi-stable sheaf for each z; 

(ii) the slopes are strictly decreasing := p(8il8i-\) > pj := p{8j/8j-i) if z > j. 

Note that we have /j.„ > 0 due to the semi-positivity of f*uif, and 

n 

X/ = ^ r^{p^ - /ij+i), where := rankS* and p^+i := 0. (2-2) 

2=1 


Definition 2,1 ([20]). Let S' be a locally free subsheaf of /*a;/. The fixed and 
moving parts of S', denoted by Z{8') and M{8') respectively, are defined as follows. 
Let £ be a sufficiently ample line bundle on B such that the sheaf 8' is generated 
by its global sections, and A(S') C \ujf®f*C\ be the linear subsystem corresponding 
to sections in H^{B, S' ® £). Then we define Z{8') to be the fixed part of A(S'), 
and M{8') = ojf — Z{8'). Note that the definitions do not depend on the choice of 
C. 


Let di = M{8i) ■ F, where Si C is any subsheaf in the H-N filtration of 
f*u!f in (12-ip . and F is a general fiber of /. The next proposition, which is due to 
Xiao, is crucial to the study of the slope of fibrations (cf. [8l l4l fTTl [20] 1. 
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Proposition 2.2 ([20]). For any sequence of indices 1 < ii < ■ ■ • < ik < n, one 
has 

k 

W/ > ^ (rfjj + rfjj+i) (Mij - where ik+i =n+l. (2-3) 

4 = 1 

2.2. Second multiplication map. In this subsection, we derive some inequalities 
based on the second multiplication map 

where S'^{f^ujf) is the second symmetric power of and the map g is induced by 
the canonical multiplication on the general fibers of /. We assume in the subsection 
that / is non-hyperelliptic. Under this assumption, it is known that g is generically 
surjective. Thus by studying the image of the map g, one may obtain a lower bound 
deg/*(a;®^), hence also a lower bound of uj^ due to the following simple fact: 

deg /* (cof^) =u}} + Xf- (2-4) 

For any locally free sheaf £ over B, we define 

fj.f{£) = maxjdegJ^ | £ ^ is semi-positive}. 

For those £fs occurring in the H-N filtration (12-ip of /*w/, it is easy to see that 
gf{£i) = In particular, yLf{f^u!f) = /x„. 

Proposition 2.3. Let fli > ■ ■ ■ > p-k > 0 {resp. 0 < fi < ■ ■ ■ <fk <3g — 3) be any 
decreasing {resp. increasing) sequence of rational {resp. integer) numbers. Assume 
that there exists a sub sheaf Ti C such that fj.f{iFi) > pi and rankJ^^ > hi 

for each i. Then 

k 

w/ -I- X/ > ^ ri{pi - pi+i), where pk+i = 0. (2-5) 

i=l 

Proof. Consider the H-N filtration of £' = /* : 

0 = £liC£[c---c£'^^£'. 

Let qi'i = gu{£'il£'i_P) and r' = rankf' for 1 < i < m, and = 0. Due to the 

semi-positivity of /*(w®^), one has > 0. Hence by (l2-4p . one has 

771 

w^-kx/ = deg/*(a;®2) = ^ r'(/i'- 

i=l 

If we view (r', /r')’s as points in the two-dimensional coordinate system, then it is 
easy to see that deg /* (w®^) is nothing but the area of the shadow in the following 
picture. 
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If we also view (fi, as points in the above coordinate system, the assumptions 
in our lemma imply that every point lies in the shadow part. Hence (j2-5ll 

follows immediately. □ 

The next lemma provides subsheaves of /* with ‘large’ slopes. 

Lemma 2.4. Consider the H-N filtration of f^ujf in (12-11) . Let /ii = 
ri — rankfi, A(£'i) the linear subsystem defined in \Definition 2.J\ and gQ the geo¬ 
metric genus of the image of F under the map defined by A{£i), where F is a general 
fiber of f. Then there exists a subsheaf Ft C f^,(ujJ’'^) such that 

rank j; > min {3(ri - 1), 2ri -f go - l} > 2ri - 1. 

In particular, if A{£i)\p, defines a birational map for a general fiber F of f, then 
there exists a subsheaf Fi C such that 

> 2/ii, rankj; > 3(ri - 1). 

Proof. Consider the composition map 

g,: £,®£,^ S^{f,ujf) ). 

It is clear that /r/(lm (ft)) > 2g,f(^£i) = 2gi. Hence it suffices to show that 

rank (im (ft)) > min{3(ft - 1), 2ft -I-go - l}- (2-6) 

Let Zi be normalization of the image of F under the map defined by A{£i), 
Di = M{£i)\F, and Vi C H^[F,Di) the subspace corresponding to A(fi)|^. Then 
by assumption, there exists a divisor D[ on Zi, and a subspace V’ C H^{Zi,D[) 
such that Di = and Vi = '0*1^', where tpi : F ^ Zi is the corresponding map. 

Moreover, Vf is base-point-free and defines a birational map on Zi. Consider the 
natural maps 

ft: V,®Vi^ H\F,2Di), g' : V’ Z)Vf ^ H°{Z,,2D’^. 

Then dim Vi = dim Vf = ri and 

dimlm(g') =dimlm(gi) = rank (im (g^)). (2-7) 

Therefore (l2-6p follows from the next lemma. The proof is complete. □ 

Lemma 2.5. Let D £ Pic (Z) be an effective divisor of a smooth curve Z of genus 
9o> y ^ H'^{Z,D) he a subspace with dimH = r, and 

p: Hoc —^ H°{Z,2D) 

be the natural multiplication maps. Assume that V is based-point-free and V induces 
a birational map fiy on Z. Then 

dim (lm(g)) > min {3(r — 1), 2r-|-go —l}. (2-8) 

Proof. Since (pv is birational, according to the general position theorem (cf. [TJ 
§ HI.l]), there exist r points {pi, ■ ■ ■ , Pr} Q F such that any r — 1 of them give lin¬ 
early independent conditions for the vector space V. Hence there exist {til, • • • Vr} C 
V such that 

Vi(pi) 0, and vfipj) =0, V1 < j < r and j yf i. 
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Since {pi, • • • ,Pr} Q F are in general position, one has 


dim H°{Z, p3 H- \-pr) 


1 , 

r-1- go, 


if ?” < 5o + 1; 
if r >30 + 1- 


Let Vi 2 C 1/ be generated by vi and V 2 - Consider the subspace W C Im(£<) 
generated by , • • • , , and the restriction map 

p: Vi2 0V ^ H°(Z,2D). 


According to the base-point-free pencil trick (cf. [I] §111.3]), one has 

2 r - 1, ifr < go + 1; 

r + go + 1, ifr>go + l. 


dimlm((/?i) = 2r — dimII^(Z, ps + ■ ■ ■ + Pr) = | 


By valuating at the points {po, ■ ■ • ,pr}, we see that 

dim W = r — 2, fl Im(vj) = 0. 


Hence 

dim (lm(p)) > dimlH -|- dim (lm((^)) 
Therefore (l2-8p follows. 


3r-3, 
2r-b5o - 1, 


if ?■ < 5o + 1; 
if r > go + 1- 

□ 


3. Slope of fibrations 


In this section, we prove certain lower bounds on the slope of fibrations, based on 
the combination of Xiao’s method and the second multiplication map. To illustrate 
this new idea, we first prove the following lower bound for non-triple and non-double 
cover fibrations. 


Theorem 3.1. Let f : X ^ B be a fibration of genus g > 2, whieh is not locally 
trivial. 


(i) . If f is neither a triple nor a double cover fibration, then 

^ 14(g-l) 

^ 3(g-f 1) ■ 

(ii) . If f is not a double cover fibration, then 


> 


I8(g-l) 

4g + 3 • 


(3-1) 


(3-2) 


Proof, (i). Consider the H-N filtration (|2-lll of f^.ujf. Let A(fi) and M{£i) be 
defined in IDefinition 2.11 By assumption, / is not a double cover fibration. In 
particular, it is non-hyperelliptic, which implies that A{£n)\F defines a birational 
map for a general fiber F. Define 

I = min {i | A(£’i)|i^’ defines a birational map for a general fiber F of /} . (3-3) 

According to [Proposition 2.2[ one gets 

n 

co'j > (di -f di+i) (gi — Pi+i). 
i=l 

By [Proposition 2.3| and ILemma 2.41 with the decreasing sequence 

{2/ri, • • • , 2p,;_i, 2p,i, ■ • • , 2/in }, 


(3-4) 
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and the increasing sequence 


{2ri - 1, • • • , 2n_i - 1, 3(n - 1), • • ■ , 3(r„ - 1)}, 


we obtain 


i-i 


Wj > ^ (3ri - 2) - fii+i) + ^ (5ri - 6 ) - ^i+i). (3-5) 

Note that we use (12-21) above. Combining (13-51) with (13-41) . we obtain 
W/ > ^ ^-(3rj — 2)-I--(di-I-(^i —/Ji+i) 

(3-6) 

+ ^ — 6 ) -I- -(di -I- dj+i)J [ni — Aii+i). 

As / is neither a triple nor a double cover fibration, by the Castelnuovo’s Bound 
(cf. [H § 111 . 2 ]), we have 


di > 4(r, - 1), 


Vz<Z; 


j ^ 5 , (w* + l)s* w ■ ^ 7 

di> - 1 ---mi, V 7 > (, 

mi 2 


(3-7) 


where Si = M(£’i)|i?) > ri and mi = . Hence it is easy to check that 


2.0 ON 1/7 7 N 14 8 

-(3ri -2) + -(d, -h di+i) > yr, - -, 


M i<l] 


2 1 14 11 

-(5ri - 6 ) -I- -(di -I- di+i) > —Vi -y, \l I < i < n k ri ^ g - l\ 

2 1 14 13 

-(5r„_i - 6 ) -I- -(d„_i -I- d„) = - y, if = g - 1; 

^(5r„ - 6 ) -b i(d„ -b d„+i) = yg - y. 

Combining the above inequalities with (13-61) . we obtain 


14 


11 


^/ > U4 


- yMi - 3^"-i “ il ’""-1 =5-1; 


11 


(3-8) 


2 Xf 2 Ml 31 *"’ 


if Tn-i ^ g -1. 


We use the simple fact that gi > gi above. On the other hand, by |Proposition 2!^ 
one obtains 


f ^ (^1 4“ dn)(Ml Mti) 4“ (dn A dn-\-l') 

> (25 - 2 )(mi -Mn) + (43-4)/i„ = (2g - 2)(/ri +^„); (3.9) 

W/ > (23 - 3)31 + (23 - 2 )/i„_i, ifr„_i=3-l. 

Hence dSD follows immediately from (|3-8I) and (|3-9I) . 
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(ii). First of all, according to m, we may assume that g > 6- From (j3-4ll and 
(13-51) it follows that 


Wj > ^ ^ ^ 2 2 ) -|- 2 (di -|-(^i g-i+l) 

+ ^ ( 2^^^* — 6) -I- -{di + dj+i) j (ni — Mi+i). 

i=l ^ ’ 

We claim that 

r 1 1 9 

-(3ri -2) + -{di + di+i) > -r, - 2, W i < 1; 

1 1 9 7 

< - 6) +-{di + di+i) >-r, -\/I < i < n; 

11 9 

-(5r„ -6) + -{dn + dn+i) = -g - 5. 

\ z z z 


(3-10) 


(3-11) 


Assume that (13-111) is true. Then (13-21) follows easily from (13-lip together with 
(I3-9|) and (13-101) . Hence it suffices to show (13-111) . 

If A(£(i)|p : F —>■ Fi is a finite map of degree at least 4 for any i < I, then we 
have (15^ . from which (13-lip follows immediately. Let 


I = min {i | A(£(i)|i^’ is a finite map of degree 3 for a general fiber F} . (3-12) 


By assumption, such an I exists. Let gj be the genus of the image F under the 
map defined by A(£’i)|F. Then we may assume that gj > 1: otherwise, / is a 
trigonal fibration, in which case (13-21) follows from the result of [T^]. Hence by the 
Castelnuovo’s Bound (cf. [H §111.2]), we have 


di > 6{ri - 1 ), 

di > 3ri, 

j ^ 5 , (^i -b l)si 

di> - 1 --- rrii, 

rrii 2 


Vi<l; 

y i>l, 


. Note that the first inequality 
above follows from the fact that the map defined by A{£i)\^ factors through that by 
K{£j)\p for i < j. By computation, we obtain (13-111) from the above inequalities. 
The proof is complete. □ 


where Si = h^{F, M{£i)\p) > Vi and rrii = 


Remark 3.2. Since the double covers are well-studied in the surface theory (cf. 
0 ), the above theorem turns to be useful if one can construct a fibration with 
< ^^ 4 g+ 3 ^ ■ instance, in [16] we apply the above theorem to study the 

geography of irregular surfaces of general type and maximal Albanese dimension. 


For fibrations with double cover fibration structure, we also have the following 
conditional result. 


Proposition 3.3. Let f : X ^ B be a fibration of genus g >2, which is not locally 
trivial. If') > g/3 for any double cover fibration structure of type ( 5 , 7 ) on f, then 

X ^ 18(5-1) 

> - 


45 + 3 


(3-13) 
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Proof. Let 

V = min {i | A(fi)|i? is a finite map of degree 2 for a general fiber F} . (3-14) 

According to the proof of ITheorem 3.1[ we may assume that such an V exsits. Note 
that the map defined by A(fi)|^ factors through that by A(fj)|^ for i < j. Hence 

deg(A(f,)|F) =2, deg (A(f,)|;.) > 4, V * < 1', (3-15) 

where I is defined in (j3-3ll . Let 7 be the geometric genus of the image of F under 
A{£i>)\f, and 

6i = min |3rj — 3, 2ri -b 7 — l}, \/ I' < i < I — 1. 

By |Proposition 2.3| and ILemma 2.41 with the decreasing sequence 

{ 2 /ri , ., 2 /i„ I, 

and the increasing sequence 

{2ri - 1, • • • , 2n/_i - 1, 0;/, • • • , 0;_i, 3(n - 1), • • • , 3(r„ - 1)}, 
we obtain 


I'-i 


i-i 


i—l' 


n 

+ ^ (5r, - 6) (/x^ - /x^+i). 


(3-16) 


i—l 

Combining (|3-16p with (|3-4I) . we obtain 

I'-i 

UJ ^ — 

2=1 


(3-17) 


2=1 7 

+ ^ ~ *^ 1 + 1 )^ ~ M^+i) 

^ ^ /1 1 \ 

+ ^ ( 2^^^* — 6) -b -{di + d^+l) j (^i — /Ji+i). 
i=/ ^ 

By (|3-15l) one has 

di > 4(ri — 1 ), Vz < Z'; di > 2 min{ 2 (rj — 1 ), -by — l}, Ml' <i < 1. 

Combining this with the assumption 7 > 5/3 and the Castelnuovo’s Bound (cf. [TJ 
§ 111 . 2 ]), we have 

i( 3 ri - 2)-b i(di-b di+i) > “ 2, Mi<l'; 

^{26, - r,) + hdi + di+i) > - 2, M I'< i < l\ 

11 97 

-( 5 ri - 6)-b-(di-b di+i) ^ ” 2’ ^ ^ ^ 

11 9 

-(5r„ - 6 ) -b -(d„ -b d„+i) = -^9 - ?>■ 


Hence (|3-13l) follows from the above inequalities together with (13-171) and (13-91) . □ 
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Proof of \Theorem, According to lTheorem 1.11 and [20l Theorems], one may 

assume that q/ > 2, which implies that g > 9qf > 18 by assumption. 

Consider first the case when / is a double cover fibration of type {g, 7 ) with 
g > 37 + 1 : 

• If 5 > 47 + 1, then according to lTheorem 4.71 we may assume that g > 
and 9 / > 7 . Hence / is an irregular double cover (cf. (14-51) ) . and g > 67 -|-7 
since g > min{18, 97 -I- 1}. Therefore p-SIl follows from (I4-20|) . 

• If 47 -I- 1 > g > 87 -I- 1, then (11-81) follows from (14-221) . since in this case 

4(g-l)(3g-H- 47 ) ^ 9(g - 1) ^ 4(g - 1) 

(5 + 1 - 27)2 -h 47 ( 2 g -h 1 - 87 ) 2 g ~ g - Qf ' 

Hence we may assume that 7 > g/3 for any double cover fibration structure of 
type (g, 7 ) on /. Consider the H-N filtration of /*a;/ as in (12-11) . According to [9l 
Theorems.1], one sees that = 0 and rn-i < g — qf < g — 2. Let I be defined as 
in (I 8 - 8 L Then according to the Castelnuovo’s Bound (cf. [U §111.2]), we have 

^{5ri - 6) + + di+i) > min |- 2, ^ —^|, V 1 < z < n - 1, 

^5 I If. I . ^ ^ • r9 o 13r. + 5g-20', 

-(5r„_i - 6)-I--I-d„) > min|-ri-2, - - -1, 

Hence if r„_i < g — 3, then 

i(5ri - 6 ) -I- i((ij -I- dj+i) > - 2, y I <i<n-l. (3-19) 

Therefore, under the assumption that r„_i < g — 3, we obtain from (18-101) . (18-llL 
(13-171) and (13-181) that 

2 9 

w/ > ^Xf - 2gi. 

Combining this with (18-91) . we obtain that 


9(g-l) ^ 4(g - 1) 
25 ~ 9 -Qf ' 


(3-20) 


Finally, we consider the case when r„_i = g — 2. By assumption, / is not hyper- 
elliptic, hence dn-i > 2g — 4 = 2r„_i. Thus one checks that we still have (18-191) . 
Therefore, similar as above, (13-201) holds. The proof is complete. □ 


Remarks 3.4. (i) One sees from the above proof that the condition qf < g/9 might 
be relaxed a little. But the proof requires a much more complicated computation. 

(ii) We only deal with the case when qf is small with respect to g. If qf is big, 
we refer to [H Theorem 3.2] for the case when / is not a double cover fibration. 


4. Double cover fibrations 

In this section, we treat the double cover fibrations. So we always assume in 
the section that / : X —>■ H is a locally non-trivial double cover fibration of type 
(g, 7 ) as in IDefinition 1.41 Since the case where 7 = 0 has been studied in Eum] 
(see also [71 [H] for the semi-stable case), 7 is assumed to be positive in the section 
unless other explicit statements. 
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4.1. Invariants of double cover fibrations. In this subsection, we first define 
the local invariants of the induced double cover, and then show in ITheorem 4.3l that 
the relative invariants of / can be expressed by these local invariants and relative 
invariants of the quotient fibration. 

The degree-two morphism tt in IDefinition 1.4l induces an involution a on X. Let 
d : X ^ X he the composition of all the blowing-ups of the isolated fixed points of 
a, and a the induced involution on X. Then the quotient Y := X/{a) is a smooth 
surface with a natural fibration h : Y ^ B oi genus 7 , which may not be relatively 
minimal. Let h : T —>■ B be its relatively minimal model. 

^- ^y^^Y 


B 

The double cover tt induces a double cover tto : Xq —>• lb := Y, which is 
determined by the relation Oy{R) = with R = Tjr^R) and R being the branch 
locus of TT. According to Hurwitz formula, one has 

i? • r = 2(/ -I- 2 — 47 > 0, for any fiber T of h. (4-1) 

The surface Xq is normal but not necessarily smooth. Moreover, n is in fact the 
canonical resolution of TTo (cf. [SJ §111.7]): 




V V V 

vV At -S- At-1 -^ • • • -^ Ai -S- Aq 


TT — TTt 


TTt-l 

TTi 





xbo. 



Y ’f* ^ y’ ^ y iPl 


Y 


Figure 1. Canonical resolution. 

Here tpi’s are successive blowing-ups resolving the singularities of R, and —>• 

Yi is the double cover determined by Oy. (i?t) = Lf^ with 

R, = r^{R^-l) - 2[m,_i/2] L, = ri{L,-i) ® , 

where £i is the exceptional divisor of ipi, nrii-i is the multiplicity of the singular 
point Hi-i in i?t_i (also called the multiplicity of the blowing-up ibi)) [ ] stands for 
the integral part, Rq = R and Lq = L. A singularity yj € Rj C Yj is said to be 
infinitely closed to yi G Ri C Yi {j > i), if fiii+i o ■ ■ ■ o Tpj{yj) = yi. 

We remark that the order of these blowing-ups contained in is not unique. If 
yi-i is a singular point of Ri-i of odd multiplicity 2A: -I- 1 (fc > 1) and there is a 
unique singular point y of Ri on the exceptional curve £i of multiplicity 2fc -|- 2, 
then we always assume that fia+i : Ib+i lb is a blowing-up at yi = y. We call 
such a pair {yi-i,yi) a singularity of R of type {2k -|- 1 —>• 2fc -|- 1), and j/i_i (resp. 
yi) the first (resp. second) component. 

Definition 4.1. For any singular fiber F of / and j > 2, we define 
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• if j is odd, Sj{F) equals the number of (j —>■ j) type singularities of R over the 
image /(F); 

• if j is even, Sj{F) equals the number of singularities of multiplicity j or j + 1 
of R over the image /(F), neither belonging to the second component of type 
(j — 1 —>■ J — 1) singularities nor to the first component of type (/ + 1 —> / + 1) 
singularities. 

Let = Wy ® and R' = R\V, where V is the union of vertical isolated 

(—2)-curves in R. Here a curve C C F is called to be isolated in R, if there is no 
other curve C C R such that C fl C' ^ 0. We define 

S2 := + R'^ ■ R' + 2 S2(F), 

F is singular 

Sj ■■= V / > 3. 

F is singular 

Note that the contraction ip is unique since 7 > 0 (although the order of these 
blowing-ups contained in ip is not unique). Hence the invariants Sj’s are well- 
defined. By definition, Sj is non-negative for j > 3, but it is not clear whether S 2 
is non-negative or not. 

Lemma 4.2. Let F be a singular fiber of the fibration f, and F (resp. L, resp. 
rj the corresponding fiber in X (resp. Y, resp. Y). Then the {—l)-curves in F 
are in one-to-one correspondence to the isolated {—2)-curves of R, which are also 
contained in L. And the number of these {—l)-curves is equal to 

^^ 2 (F) -b^S 2 fc+l(F), 
k>l 

where n 2 (F) is the number of isolated {—2)-curves of R, which are also contained 

in r. 


Proof. Note that the (—l)-curves in F are exactly the inverse image of the isolated 
fixed points of a on F, hence fixed by a. It follows that these (—l)-curves in F 
are in one-to-one correspondence to the isolated (—2)-curves of R, which are also 
contained in L. 

Let F be such a (—2)-curve of R. Then it is the strict inverse image of either 
an exceptional curve £i or an irreducible curve C on L. In the first case, it is easy 
to see that j/i_i = ipi{£i) is a singularity of Ri-i with odd multiplicity 2 k -\- 1 , and 
that Ri has a unique singularity on £i with multiplicity 2k -\- 2. Equivalently, it 
corresponds to a singularity of R of type {2k -\-1 ^ 2k-\-1). In the later case, let 


Then 


E = ip*{C) — ^ aj£j, with Oj > 0. 

-2 = f 2 = C'2-^a2, Q = ujy ■ E = ujY-C+ ^aj. 


On the other hand, one has < 0 and = 0 if and only if L = nC for some 
n, since C C L. Hence it follows that 7 ^ 0 since 7 > 0, and that 7 ^ — 1; 
otherwise by construction C must be smooth and hence is (—I)-curve, which is 
impossible due to the relative minimality of h. Therefore, C must be an isolated 
(—2)-curve of R, which is also contained in L. 
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Conversely, it is clear that each singularity of R of type {2k + 1 —>■ 2k+ 1) creates 
an isolated (— 2 )-curve contained in R, and that the inverse image of each isolated 
(—2)-curve in R is still an isolated (—2)-curve in R. The proof is complete. □ 


Theorem 4.3. Let f be a double cover fibration of type ( 5 , 7 ), and Si’s the singu¬ 
larity indices as above. Then 

{2g + 1 — 87 ) 0 ;^ = X • —^ + yT + zs 2 + afeS 2 fc+i + bkS 2 k, 


k>l 


k>2 


(25 + 1 - 37)x/ = X ■ + 2(25 + 1 - 37)x/i + yT 

7 — i 


7 

2 ^ + 1 — 87 7 

ZS2 -^- * n2 + 2_^ 0.kS2k+l + 2_^ ^kS2k, 

k>l k>2 


e/ = 2 eh + 52 — 3 n 2 + ^ 52 fc+i + ^ 2 s 2 k, 


k>l 


k>2 


where we set =0 if j = 1, n 2 = ^ 2(^)5 o.nd 

F is singular 


7-1 

(35 + l-47)(g-l) 


y = r 


X = 


(5 + 1-27)^ 


y = 


z = g-l; 

9-1 


Z = 


Ofe = 12 afc - ( 2 g + 1 - 37 ), 

dk = k{g - 1 {k - 1)(7 - 1 )), h = 
((5 + 1 - 2 j)uJh - (7 - 1 )^) 


bk = 126fe - 2(25 + 1 - 37 ), 

k{g-l-i-{k- 2)(7 - 1 )) 


T = — 


7-1 


— 2(7 — l)n 2 > 0 . 


Proof. Recall the canonical resolution ip exhibited in | Figured] Bv ILemma 4.21 one 
has 





S2fc+1 J 

t 


' wy 
. 2 . 



' wy 
. 2 . 


= (cc^ + i?)-i?-^(8fc2+4A: + 2)s2fe+i-^(4A:2-2fc)s2fc-2 ^ S2{F). 

fe>l fc>2 F is singular 


Combining this with the definition of S 2 , we get 

{ujfi R) ■ R = {s 2 — 2712 ) + ^ 4fc(2fc + l)s 2 fe+i + ^ 2 k{2k — 

k>l k>2 


l)s 2 fe. (4-2) 
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Thus by the formulas for double covers (cf. O § V.22]), one obtains: 




uj'j “ 2 f + u!h ■ R H —— j — 2 I ^ — 2k + l)s2fe+i + ^ ~ 1)' 


S2k 


ifc>i 


k>2 


J 


7-1 


y' + 2(7 — 1)?t-2) + z'{ujh + R) ■ R 


(4-3) 


-2 - 2A: + l)s 2 fc+i + - 1)' 


S2k 


<k>l 


k>2 


u' = 2*1 ++t) - (i: +1: 


1 fc>l 


fc >2 


— 2x?i + x' ■ ^ ^ ^ -|- y^(T + 2(7 — 1)112) + z'{u)h -l- -R) ■ -R 


, k>l 


k>2 


(4-4) 


where *' = ^g+is-y * = x,y, z, x, y or z. Note that = wj -I- 712 + X) 'S 2 fc+i 

fe>l 

and Xf = Xf by ILemma 4.21 Therefore, the formulas in our theorem follow from 
the above equalities together with (14-21) and (lEl- 

Note that T = 2{g — l)ujh • R > 0 if 7 = 1. It remains to show that T > 0 if 
7 > 1. For this purpose, let F C R be these isolated (—2)-curves contracted by h, 
and R' = R\V. By ILemma 4.21 the number of components contained in 1^ is 712 - 
Since T • ((5 -|- 1 — 2x)uJh — (7 — 1)R^) = 0, one gets by Hodge index theorem that 

0 > ((g + 1 - 27 )^^ - (7 - 1)R')' = ((5 + 1 - 27 )w;, - (7 - 1)R)' + 2(7 - l)2n2. 
Hence T > 0 as required. □ 


4.2. Irregular double cover fibrations. In this subsection, we would like to 
prove the following restrictions on the invariants of irregular double cover fibrations. 
Here, the double cover fibration / of type ( 5 , 7 ) is called irregular if 

:= q{X) - q{Y) > 0, (4-5) 

where X and Y are the same as in the last subsection. 

Proposition 4.4. Let f : X ^ B be a double eover fibration of type (g, 7 ) with 
the double eover ir as in \Definition 1.4\ 

(i) If the double cover tt is irregular, i.e., > 0, then 

2(g + 1 - 2x)s2 (4-6) 

^ (5 + 1 ~ 27 )^ • —^ -f T -f 2(4afc -l- 2g -|- 1 — 37)s2fc-i-i + 8bkS2k- 

k>l k>2 
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(ii) If the image Jo{X) C Albo(X) is a curve of geometrie genus g' > 0, then 

2(g + 1 — 2'7) I S2 + 'y ^ 4(2fc + l)fcs2fc+i + ^ ^ 2(2fc — l)fcs2fc j (4"7) 

\ fc>i k>2 J 

^ (5 + 1 ~ 27 )^ ■ —^ + T + 2(4afe + 2g 1 — 37 ) 52^+1 + 8 bkS 2 k', 

^ k>g' k>g' + l 

where Ok’s, hk’s are defined in \Theorem 4 -SI and Jq will be defined in (|4-8p . 

The main tool to prove the above proposition is the usage of Albanese varieties. 
We first review the Albanese varieties and show that the ramified divisor is con¬ 
tracted by Jq. Then the proposition follows from the semi-negativity of the divisors 
contracted by some non-trivial map. 

Let TZ = C X the ramified divisor. Let Alb(A) (resp. Alb(F)) be 

the Albanese variety of X (resp. Y), and r the generator of the Galois group 
Gal(X/T) = Z/2Z. Then we have a natural map Alb(7r) : Alb(A) —Alb(T) and 
T has a natural action on Alb(X). Let Albo(W) be the kernel of the action of r on 
Alb(A). Then it is clear that Alb(A) is isogenous to Albo(A) © Alb(7f)“^(Alb(F)) 
and dimAlbo(A) = Denote by 

Jo : X Albo(A) (4-8) 

the induced map. 

Lemma 4.5. The ramified divisor TZ is contracted by the map Jq. 


Proof. Let C C 72. be any irreducible component, C its normalization, j : C —> X 
the induced map and ip = Jq o j : C —> Albo(X) the composition. We have to prove 
that (p{C) is a point. 

We argue by contradiction. Assume that 77 (G) is not a point. Then the induced 
map 

V ■■ (Aib„(x), ^ H” (c, nt) 

is non-zero. On the other hand, it is clear that <p* factors through 


H” (Aib„(T), n;^„^,j,) 




Note that the generator r of the Galois group Gal(X/y) acts on J7° ^X, . Let 


H"(y nb)__@H»(.f,!ib)^ 

be the eigenspace decomposition. Then by construction, the image of Jg is con¬ 
tained in H'^ ^X, . To deduce a contradiction, it suffices to prove that the 

restricted map 



is zero. 
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In fact, let p G C be an arbitrary smooth point of C. Locally around p, there 
exists local coordinate {x, y) such that the action of r is given by t(x, y) = {x, —y) 
and C is defined hy y = 0. For any 1-form 

w = a{x, y)dx + I3{x, y)dy € , 

one has 

a{x, y) = ya{x, y^), ^(x, y) = /3(x, y^). 

Hence if w € , one gets that = 0, from which it follows 

that j*uj = 0 since p is arbitrary. The proof is complete. □ 

Lemma 4.6. Let yj G Rj Q Yj be a singularity infinitely elosed to yi G Ri C Yi as 
in the canonieal resolution in Figure^ Then 

rrij < rrii, if mi is even; mj <mi + l, if mi is odd. 

Proof. It suffices to consider the case where j = i + 1 and i/’i+i(yi+i) = y^. But 
this is clear because if is even, then £i+l ^ Ri+l', and if mi is odd, then 
£i+i C Ri+i. □ 


Proof of \Froposition 4-4] Recall that those blowing-ups are contained in the 
canonical resolution ip. For convenience, we view ipi o pii^i : Fi+i —>■ Yi-i as a 
single blowing-up (but with two exceptional curves) if 


w. tin V. 




are blowing-ups of a type-(2fc -|- 1 2A: -I- 1) singularity. For a blowing-up ip' 

contained in ip, the order of ip' is defined to be A: -I- 1 if ip' is a blowing-up of a 
type-(2fc -I- 1 2A: -I- 1) singularity, and to be [m'/2] if ip' is a blowing-up of a 
singularity of the branch divisor with multiplicity m' . Now we introduce a partial 
order on these blowing-ups contained in ip: we say ip' > ip" if k' > k" , where k' 
(resp. k") is the order of ip' (resp. ip"). According to ILemma 4.61 we can reorder 
these blowing-ups contained in ip such that ipi > ipj iii < j. Let M be the maximal 
order of these blowing-ups contained in ip. Then ip can be decomposed as 



such that the order of each blowing-up contained in ipi is M -|- 1 — L 

Consider any blowing-up ip' contained in ipi. If it is a blowing-up of a type- 
(2(M — i) -I- 1 2(M — z) -I- l) singularity, let £i and £2 be the two exceptional 

curves. By construction, one of them, saying £i is contained in the branch divisor, 
hence its strict inverse image on A is a rational curve; another one, saying £ 2 , 
is not contained in the branch divisor and intersects the branch divisor at most 
2(M — z) -|- 2 points, hence the geometric genus of its strict inverse image on X is 
at most M — ihy Hurwitz formula (cf. [ini § IV. 2]). If ip' is an ordinary blowing-up 
with one exceptional curve £, then one can prove similarly that the geometric genus 
of its strict inverse image on X is also at most M — i. In any case, we obtain that 
the strict inverse image of any exceptional curve of ipi has geometric genus at most 
M -i. 
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Consider first the case when Jo{X) is a curve of geometric genus g' > 0. In 
this case, any curve of geometric genus less than g' is contracted by Jq. Hence 
combining this with the above arguments and ILemma 4.51 we conclude that the 
total inverse image of Rm-q' in X is contracted by Jq, where Rm-q' C Ym-q' is 
the image of R. In particular, the total inverse image of Rm-q' is semi-negative 
definite, which implies that Rm-q' is also semi-negative definite. By construction, 
each blowing-up contained in 

'^M-g' + l O • • • O tpM ■ Y = Ym ->■ Ym-q' 


has order less than or equal to g'. Thus there exist n2 + X) S 2 k+i vertical iso- 

k>g' 

lated (—2)-curves contained in Rm-q' bv ILemma 4.21 since the image of any iso¬ 
lated (—2)-curve contained in R is still an isolated (—2)-curve contained in Rm-q'- 
Therefore 


R 


M-g' ^ 


< — 2 I 772 + 


S2fe-|-1 


k>g' 


(4-9) 


By construction, we have 


Rm—qi — R? — j 'y ^ 4(2fc^ -\-2k + I)s2fc-i-i + y ) 4fc^S2/c 

ik^g' k'>g'-\-l 


= X ■ 


7 - 1 


-I- y{T + 2(7 - 1)712) + z {ujh + R) ■ R 


I 4(2fc^ + 2k + l)s2fe-i-i 

\k>g' 


4A:^S2fe 

k>g' + l 


where 

, -(g + l-27)^ -1 . 2g + 2-47 

(25 + 1 - 37 ) ’ ^ (25 + 1 - 37 ) ’ ^ 2 g + l-3j' 

Hence (14-71) follows from the above equation together with (14- 2 1) and (14-911 . 

Finally, let’s consider the case when > 0. In this case, Jo{X) is of positive 
dimension since JoiX) generates Albo(X) by construction, and any rational curve 
in X is contracted by Jq. Hence similarly as above, one sees that Rm-i is semi¬ 
negative definite and 


Rm -1 < —2 [ 772 + 


S2k+1 


k>l 


Therefore, (j4-6ll follows from a similar argument as above. 


(4-10) 

□ 


4.3. Slope of double cover fibrations. In this subsection, we would like to 
consider the question on the lower bound of the slope for double cover fibrations. 
The main techniques are lTheorem 4.31 and [Proposition 4.4[ 

Based on ITheorem 4.31 we can reprove the following lower bound of the slope 
for a double cover fibration, which was proved earlier by Barja, Zucconi, Cornalba 
and Stoppino. 
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Theorem 4.7 ([H Cor. 2.6] & [2l Thm. 2.1] & [SI Thm. 3.1]). Let f be a double 
cover fibration of type (5,7)- If h is locally trivial or g > 47 + 1, then 

4(5 - 1 ) 


A/> 


9-1 


(4-11) 


Proof. Bv lTheorem 4.3[ for any A, one has 

{2g + 1 - - X ■ Xf) 

^ / (3g-H-47)(g-1) _ (g-H - 27)^A 

^2 8 


(4-12) 


Wf. 


7-1 


- 2(2g + 1- 37)A ■ Xh 


, 12 - A ^ , 4(g - 1) - (g - 7)A , (2g + 1 - 37)A 

+^--T+- - -., +-j- 

+ AZ (*^^ “ - 1) + (^ - 1)(7 - 1 )) - ( 2 ? + 1 - 37)) - S2fc+1 


k>l 


E 

k >2 


'(12-A)fc((g-l) + (fc- 2 )( 7 -l)) 


- 2(2g -I- 1 - 37) ■ S2fc. 


Taking A = in (14-121) , it is easy to see that the coefficients of 77,2 and Sj ’s for 

j > 3 are all non-negative due to (14-11) . Since T, 712 and s^’s for j > 3 are also all 
non-negative by definition, it follows from (14-1211 that 


2 4(g - 1) 1 

5-7 “ 2(g - 7) 


(5-1)^ 




7-1 


+ T-16ig-l)-Xh 


(4-13) 


If h is locally trivial, then 2^ = = 0 and T > 0, from which together with 

(14-131) the inequality (14-111) follows immediately. 

If g > 47 -|- 1 and 7=1, then by [SJ § V-Theorem 12.1], one has 


k-l 


I I ^ I V 

LOh ~ (numerically equivalent) I X.h ~r / ^ , I ’ 


(4-14) 


where F is a general fiber of h and {Fjlj^i ... „ are the union of multiple fibers of h 
with multiplicities {^i}i=i,... ,n- Hence T = 2(g — 1)0;^, ■ R > 4(g — l)^x;i. Therefore, 
it follows from (|4-13|) that oj'j — 4%/ > 2(g — 5)x;i > 0. 

If 5 > 47 -I- 1 and 7 > 1, then one has • Xft ^ 0 and T > 0. Hence 

by (|4-13L we get 


w? — 


4(g-i) 

9-1 


■Xf > 


4 (g-l)(g- 47 -l) 

2 (g - 7)7 


Xh > 0 as required. 


□ 


When / is an irregular double cover, we have the following better bounds, which 
is a generalization of [Ml Theorem 1.4]. 

Theorem 4.8. Let f be an irregular double cover fibration of type {g,"f), and 

F{g,l,q^) = {9- 1 )^ -4(g- l)(7g,r + 7 + 927) -4g^(7^ - 1). (4-15) 

(i) If h is locally trivial or F{g,x, 1) > 0, then 

A/>6+^E:E. (4_16) 

9- 1 

































ON THE SLOPE CONJECTURE 


19 


(ii) Assume moreover that Jo{X) is a curve, where Jo is defined in (14-81) . If h 
is locally trivial or F{g,j,qTr) > 0, then 




:= 8 - 


4(5 + 1 - 27) 


+ 1)((5 - 1) + (5^ - 1)(7 - 1)) 


(4-17) 


Proof. We only prove (ii) here, for the proof of (i) is completely the same except 
replacing the usage of (14-71) by (14-61) in the following. 

Note that Jo{X) generates Albo(X) by construction. Hence the geometric genus 
of Jo{X) is at least = dimAlbo(X). Note also that > since 

5 -I- 1 — 27 > 0 by (I4-1|) . Hence by (14-71) and (I4-12|) with A = we obtain 

• Xf (4-18) 

^ 8(5 — 1) — (5 -b 1 — 27)Ag^-),,g^ Uj\ ^ ^~Xg,j,q„ 

- 8 7^ - 2A..7.9, • X/. + ^ 

^ q„-l Qn 

_|-. S2fc-|-1 -b Vk ■ S2k + 5 fc ■ 'S2fe-|-1 -t- Vk ■ S2fc, 

k—1 k—2 k>qT^ fc>gn- + l 


where 


6 

Vk 

Aifc 




- (2fc - l)^ 

ik-^){kXg,j,q„ -4(fc-l)) 

2 

{fik{g — 1) -b (2fc — 1)^(7 — 1))(8 — Xg^j^qZ ~ (5 ~l~ 1 ~ ‘^l)Xg,^,q„ 

4(5 +1 - 27) 

k{{.9 - 1) -b (fc - 2)(7 - 1))(8 - Xg^^^qZ - 4(g -b 1 - 27) 

2(5 + 1 - 27) 


It is easy to see that > 0 for any 1 < fc < — 1, lyfc > 0 for any 2 

2(577 - 1 ) , 5-7 


5fc > Mg, = 


577 -bl (g,7 + 1)((5 - 1)-b (577 - 1)(7 - 1)) 


> 0 , 


Vk > Vq„+l = 0 , 


Z k < and 

V fc ^ 577 7 

V fc > 5,7 -b 1. 


Hence by (I4-18|) . one has 

~ ^9.7,977 ■ Xf (4-19) 

^ 8(5 — 1) — (5 -b 1 — 27)Ag,7,q^ Lol ^ ^ ~ Xg,j,q„ rp 

- 8 ^ - 2A9,7.g, • X. + ^ 


If h is locally trivial, then = Xft, = 0 and T > 0. Hence (14-171) is clearly true. 
If F{g,^,qZ > 0 and 7 = 1, then by (14-141) one has T = 2{g — \)uJh ■ R > 
4(5 — Ffixh- Hence it follows from (I4-19|) that 


-A 


g,l,g, ■ Xf Z 


2{g - 8q^ - 5) 

577 "b 1 


Xh- 


Note that the assumption A(g,7,g,r) > 0 implies that 5 > 85,- -b 5 when 7=1. 
Thus the above inequality implies that (14-171) holds if 7 = 1. 





























20 


XIN LU AND KANG ZUO 


Finally, we consider the case when F{g,'y,qTr) > 0 and 7 > 1. In this case one 
has ■ Xh > 0 and T > 0. Hence by (14-191) . we get 




■Xf > 




l{q^ + 1)((5 - 1) + - 1)(7 - 1)) 


■Xh>Q- 


□ 


Remark 4.9. Let / be an irregular double cover fibration of type (3,7). Similar to 
the above proof, one can show that 

A/>6, if g> 67-^7. (4-20) 


In the following, we would like to consider Conjecture 11.21 for double cover fi- 
brations, i.e., consider the influence of qj on the lower bound of A/. In order to 
use [Proposition 4^ and [Theorem 4.81 we first have to know when Jo{X) is a curve, 
where Jq is defined in (14-81) . 

Lemma 4.10 ([6 ]). //(/tt > 7 + 1, then the image Jo{X) C Albo(X) is a curve. 


Proof. Let F be a general fibre of /, and F = tt{F) C Y. Consider the linear map 
C : A2Hi’°(Albo(X)) ^ ij2.0(Albo(A)) ^ H^’°{F) 
obtained by composing the linear map 

i72-0(Albo(X)) — >H‘^’°{X) 

with the restriction map 

H^’°{X) - H%S, cu^) H%F, cc^) - H^’^{F), 

where (resp. ujp) is the canonical sheaf of X (resp. F). Note that the gener¬ 
ator T of the Galois group Gal(X/y) acts on iJ^’°(Albo(Ar)) by multiplying —1, 
from which it follows that the image Im(c) is contained in the invariant subspace 
77° (F, ujpY = H°[C, uj^). In particular, one has 

dimlm(c) < dim 77° (C, wg) = 7 . 

On the other hand, if Jo{X) is a surface, then it is proved by Xiao (cf. [HJ 
Theorem 2], see also [T51 Lemma 1] by Pirola) that 

dimlm(c) > — 1- 

From the two above inequalities it follows that Jo{X) is a curve if > 7 + 1. □ 

Theorem 4.11. Let f be a double cover fibration of type {g. Then \Conjecture 1.2\ 
holds for f if one of the following is satisfied: 

(i) h is locally trivial, g > 2(7 + 1) + and qg < {g + l)/2; 

(ii) h is locally non-trivial, g > 27 + 2qf + 1 > 67 + 3. 


Proof, (i) Note that qg = q^ + Qh < Q-k + 7- If Q-k = 0, then qf < 7, and hence 
[Conjecture 1.2| follows from ITheorem 4.7l Now assume that gvr > 0, i.e., / is an 
irregular double cover. In this case, if < 7 + I, then qp < 27+1. Hence according 
to ITheorem 4.8f il. one gets 


Xf >6 + 


4(7 - 1) 


^ 4(g-l) 

“5-27-1 


4(5-1) 

9-qf 


5-1 
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li q-K > 7 + 1 , then the image Jo{X) C Albo(X) is a curve bv ILemma 4.101 Hence 
according to lTheorem d.Sr iii. one obtains 


> g_ 4(g + 1 - 27 ) _ 

+ l)((g - 1) + - 1)(7 - 1)) 

4(g-i) , g + 1 


> 


9 


^ 4(g - 1) 

> -, since qt < 

9-qf 


if <? 7 r + 7 < 
if <?7r + 7 > 2 ’ 

g +1 


2 ’ 
5 + 1 


(ii) The assumption implies that the image Jo{X) C Albo(X) is a curve by 
ILemma 4.101 where Jq is defined in (14-81) . Let Aq = . Then 

9 Qf 9 Qtt Qh 

^0 ^ assumption. Hence similar to the proof of ITheorem d.Sr iiL one 

obtains 


- Ao • Xf (4-21) 

8(5 - 1) - (5 + 1 - 27)Ao ujI 8-Ao ^ 

-§-^-2Ao-X.+ 8(^ + 1_2^)-T’ 


If 7 = 1, then by (I4-I4p one has T = 2{g — l)uJh ■ R > 4(g — l)^x?i- Hence it follows 
from (14-211) that 


2 \ ^ 8(5 - 1) - (g + 3)Ao 

w/ - Ao ■ X/ >- - - Xh>Q- 

If 7 > 1, then by (14-211) with • X?i + 0 and T > 0 we get 

2 \ ^ 8 (g — I) — (5 + 1 + 27 )Ao 

w/ - Ao • X/ > --X/i > 0. 


□ 


Remark 4.12. There do exist double cover fibrations of type ( 5 , 7 ) with qf = (g + 
l)/2 but violating [Conjecture 1.2[ see [Example 5.2[ 


We end this section with the following lower bound on the slope of double cover 
fibrations, which was used in [section 31 for the proof of ITheorem 1.3l iL It can be 
viewed as a supplement to ITheorem 4.71 


Theorem 4.13. Let f be a double cover fibration of type ( 5 , 7 ). If g < 47+1 and 
(5 + 1 — 27 )^ > 2(25 + 1 — 37 ), then 


^ 4 (g-l)( 3 g+l- 47 ) 

^ ~ (5 + 1 - 27 )^ + 47(2g + I - 37 ) ■ 


(4-22) 


Proof Let Ao := ( 3 + 1 ^ 127 )^^+ 47 ( 23 + 1 ^ 7 ) ■ ^den 4 < Aq < by assumptions. 

If 7 = I, then the assumptions imply that Aq = 4 and g = 5. Hence (14-221) 
follows from (I4-III) . If 7 > I, taking A = Aq in (14-121) and using ILemma 4.141 below 
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to eliminate S 2 , one obtains 
w? - Ao • Xf 


> 


(3g+l-47)(g-l) _ (g + 1 - 27 )^Ac 
2(2g + 1 - 37 ) 


8(2g + 1 - 37 ) / 7 - 1 

k{k-l) 


~ 2Ao • Xh + 


(Ao — 4) 


T 


• n2 + X! (^^^0 - (2A: - 1)^) • S2k+i + X! ( 


k>l 


k>2 


8 ( 7 - 1 ) 

Ao- 2 (A:- 1 ) 2 ) .S2k 


> 


(3g + l- 47 )(g-l) _ (g + 1 - 2'yf\ 
2 ( 2 g + 1 - 37 ) 


8 (2g + l-37); 7-1 




— 2Ao• Xh 


^ ( A3g + l-47)(g-l) (g + l-27)2Ao^ 4 \ 

^ (( 2(29 + 1-37) 7““7 ■ ““ 

where the second inequality follows from the non-negativity of T, and Sj ’s for j > 

3; and the third inequality comes comes from the slope inequality 

of the fibration h. The proof is complete. □ 

Lemma 4.14. 


T -f (7 — 1) j S 2 + ^ ) 4:k{2k l)s 2 fc+i + ^ ) 2k(2k — l)s 2 fc j ^ 0. 


(4-23) 


fc>i 


fc >2 


Proof. We may assume that 7 > 1. By (lT 2 l) . the inequality (14-231) is equivalent to 
7'+(7-l)((w/i + i?)-i? + 2n2) >0. (4-24) 


m 

Let i? = X) -Hj be the decomposition into connected components, such that 

i=l 

Vl<i</; Di - T = 0, \/l + l<i<m, 

where T is a general fiber of h. We claim that 
(ojh + Di) ■ Di >0, V 1 < i < 1; {uJh + Di) ■ Di > —2, V Z -I- 1 < i < m. (4-25) 

^ ki q _ 

Indeed, let Di = Dij —> Di be the normalization, and ^ Dij be the irreducible 
j=i i=i 

components which are mapped surjectively onto B. Then 


{uifi + Di) ■ Di — (2g{B) — 2)r • Di -|- [uiy + Di) ■ Di 


> (2g{B) - 2)r • A + £ ( 2 g(A 2 ) - 2 ) + 2{h - 1) 




ki 

> 2 (2g(5,,) - 2) + 2(fc, - 1) > 2{h -k- 1). 

3=li + l 


_ I m 

Hence (14-251) follows. Let D = Di and D' = Then {coh + D)- D >0hy 

2—1 2 —^ + 1 

(14-251) . Since T • ((g -|- 1 — 2'y)ujh — (7 — ^)D) = 0, one gets by Hodge index theorem 
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that 

0 > {{g + l-2^)uJh-{l-l)Df 

= ((5 + 1 - - (7 - 1)^)" - (7 - + D') ■ D' 

+ (7 - l){2g + 1 - 37 )w?i ■ D' 

> ((5 + 1 - 2^)^h - (7 - 1)^)" - (7 - 1)"K + D') ■ D'. 

Combining this with the fact that 

(w?i + R) ■ R = {oJh + D) ■ D + (ujh + D') ■ D' > [ojh + D') ■ D', 
we obtain (14-241) . and hence complete the proof. □ 


5. Examples 


Example 5.1. We construct a relatively minimal fibration / : 
of odd genus g > 3 over an elliptic curve E with qj — and 

4 . 4(g - 1) 


X ^ E of curves 


A/= 8 - 


5-1 


< 8 = 


5-5/ 


Let E be any elliptic curve, and C be any smooth curve of genus go ^ 3 which 
admits a double cover to E: 

rj: C^^E. 

Let A C C X C be the diagonal, cr the involution on C x C defined by exchanging 
the two factors, and X = C x C/(a) the quotient surface. Since a has no isolated 
fixed point, X is smooth. According to [13 § 2.4-Example (b)], we know that X is 
minimal of general type with q{X) = go and 

a;i=4(go-lf-5(go-l). 

To obtain a fibration on A, we consider first the fibration on C x C defined by 


h : CxC—> E, [xi,X2) ^ g{xi) + 


where ‘-I-’ is the addition on the elliptic curve E. It is easy to see that the morphism 
h factors through X and so induces a fibration / : X ^ E: 



It is clear that / is relatively minimal since X is minimal, and qj = q(Y)—g{E) = 
go — 1. To compute the genus g of a general fiber of /, let iL be a general fiber 
of h, F = 7 r(iJ) C A, p = h{E[) G E, and pri (resp. pr^) be the projection of 
C X C to the first (resp. the second) factor C. Then for any (a;i,a; 2 ) £ H, one has 
ri{xi) -I- 77 ( 2 : 2 ) = Pi i.e., 77 ( 2 : 1 ) = —g{x 2 ) + p- In other word, one has the following 
commutative diagram 
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The maps in the above diagram are all double covers, and the branch divisor of 
pr2\H is 


T = {x G C \ y := —ri{x) + p is a branch point of 77 : C ^ E}, 

which is of degree Ago — 4 . Hence one obtains that g(E) = 4 go — 3 . Note that 
H ■ A = 8 . Thus by Hurwitz formula, we get that 


2 g{H )-2 = 2 i 2 g{F)- 2 ) + 8 . 

Hence g = g{F) = 2 gQ — 3 . Therefore qf = go — 1 = and 


UJf 


Xf = ^= - 


X 


- 18 


Xf xiOx) 90-‘2 


4 4(5-1) 

-- < 8 =-, as required. 

5-1 9 -9f 


Example 5.2. We construct a relatively minimal double cover fibration / : X 
of type (5,7) with 0 < 7 < (5 + l)/2, qf = {g + l)/2, and 


A/=8- 


(5 + 1 - 27)7 


<8 = 


4 (g - 1 ) 

9-9f ' 


Consider the ruled surface rjo '■ x —)■ P^. Let Aq be a pencil on P^ x P^ 
such that Flo is a section of go and FFq = 2 for a general member iJo G Aq. Assume 
that Ao has two distinct base-points, which are mapped to {p, p'} C P^ by go- Let 
Ip : P^ —^ P^ be a double cover branched exactly over {p, p'}, and consider the 
Cartesian product 

pi X pi-^ pi X pi 

^ Vo 

I 

pi - 1 -^pl 


Let A be the pulling-back of Aq. Then A also has two distinct base-points (iJ and 
FI' are tangent to each other at each of these two base-points for any two general 
H, H' G A). Let ^ : pi x pi pi be another fibration, and {Di, D2, ■ ■ • , -D27-1-2} be 
27 -I-2 fibers of ^ such that these two base-points of A are contained in Di and D 2 re¬ 
spectively. Let r -5- pi be the double cover branched over {^(Di), ^{ 02 ), • • • , ^( 1127 - 1 - 2 )}, 
and 

r = (pi X pi) xpi r = pi X r 

the fiber-product. Let Ay be the inverse of A on T. Then Ay has also exactly 
two base-points (each of the base-points is of multiplicity two). Blowing up the 
base-points of the pencil Ay, we obtain a fibration 

p: y - 5 >pi. 

By construction, the strict inverse images of Di and D 2 in Y are contracted 
by tp. Let p, p' be the images, and L' —> pi the double cover branched over 
{p, p', xiy ■ • , X27'}, where g' = {g + l)/2 — 7, and xi, - ■ • , ^27' are distinct gen¬ 
eral points on pi. Let X be the normalization of the fiber-product Y Xpi T' and 
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/ : X —)• the induced fibration as follows 



Let Ci = (p*{xi) be the fibers of tp for 1 < i < 27 '. Then it is clear that 

=- 8 ( 7 -1)-2, x(C’y) =-(7 - 1), ujy ■ C = Aj - 4. 

Note that the fibers of (p over p and p' are of multiplicity two. Hence tt is a 
double cover branched exactly over R= {Ci, • • • , C 27 ' }■ Therefore, / is a relatively 
minimal fibration of genus g, and 

uff = 2 (^Y + 2^) ~ “ ^^9 + 1 ~ 27)7 — 4, 

Xf = 2 x(C>j>) + i ■^ + {g-l) = {g + l- 27)7. 

Hence / has the required slope. Note that q{Y) = 7 and = 7 ' since tt is the 
normalization of the fiber-product Y Xpi T'. Therefore qj = 7 -|- 7 ' = (5 -I- l)/2 as 
required. 

Example 5.3. We construct a relatively minimal double cover fibration / : X —5> 
of type {g, 7 ) with ^ 2 ) and 

._o_ 4 (g -fl - 27) _ 

^ (g.+ l)((g-l)+ (<?.-1)(7-I))- 

Let C be a smooth genus -7 curve admitting a morphism ^ : C —>■ P^ of degree 
d > 2. Consider the following diagram 



Let Hq C P^ X P^ be any section of g with Hq = 2bo for some 60 > 0. It is 
well-known that Hq is very ample (cf. [TOl §V. 2 ]). Take two general members 
D,D' G \Ho\, and let A be the pencil on Y generated by Tr^iD) and 'Kq{D'). Then 
A defines a rational map (/?a : Y ---» P^. By blowing up the base points of A, 
we get a fibration h! ■. Y P^. Let A C P^ be a set of 2(g,r + 1) general points, 
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R = {h')*{A) the corresponding fibers of h', tt' : i?' —> the double cover ramified 

over A, and X the normalization of the fiber-product Y Xpi B': 


B' 


.pi 



Let f' be a general fiber of h'. By construction, one has q{X) — qiY) = g{B') = 
and 

ujj = -2dbo, ojff' = 2{j-l + d)bo, (r')^ = 0 . 

Hence by the standard formulas for double covers (cf. 0 §V.22]), we obtain 

Wj = 2 -I- —^ = 4(2(g7r + 1)(7 — 1 + d) — d)bo, 


Xf = ‘2Xh + 


1 


+ 2 


R\ R 


= {q^ + 1)(7 - 1 -h d)6o. 


Actually, / is relatively minimal. To see this, let R be the image of R in Y. Then 
the singular points of R are all of multiplicity 2(g^ -|- 1). Hence s^k+i = 0 for 
all fc > 1. Combining this with the triviality of h, we obtain that X is relatively 
minimal by ILemma 4.21 Hence / is a relatively minimal double cover fibration 
/ : A ^ P^ of type (g, 7 ) with — 1 and 


w? 

A/ = —= 

Xf 


4(2(g7r -l- 1)(7 — 1 -f d) — d) 
((Zti- + 1)(7 ~ 1 + d) 


= A„ 


as required. 
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